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The violent collisions of black holes provide for excellent test-beds of Einstein’s general relativity
in the strong/dynamical gravity regime. We here demonstrate the resolving power one can gain
upon the use of multi-band observations of gravitational waves from both ground- and space-based
detectors. We find significant improvement in both generic parameterized tests of general relativity
and consistency tests of inspiral-merger-ringdown parts of the waveform over single-band detections.
Such multi-band observations are crucial for unprecedented probes of e.g. parity-violation in gravity.
Introduction.— Einstein’s theory of general relativity
(GR) eloquently describes the relationship between the
geometries of spacetime and the manifestation of grav-
ity. After countless observations have held up to the rig-
ors of GR without any sign of deviation, why should we
continue to test such a solid theory? One might argue
that while it is impossible to prove a theory is true, we
can establish constraints on modified theories which may
disprove or expand upon our knowledge of gravity. For
example, a more complex theory of gravity could exist
in the extreme gravity sector where the fields are strong,
non-linear, and highly dynamical. While reducing to the
GR we know in the weak gravity limit, such a theory
could solidify our understanding of some of the biggest
open questions we have: dark energy and the expansion
of the universe, dark matter and the galactic rotation
curves, inflation in the early universe, or the unification
of quantum mechanics and GR.
For over 100 years, GR has been subject to a bat-
tery of tests, in search of minute deviations which may
indicate alternative theories of gravity. Countless solar
system [1], binary pulsar [2, 3] and cosmological [4–8]
observations have placed constraints on various modified
theories of gravity, all remaining consistent to GR within
the noise. More recently, the observation of gravitational
waves (GWs) from the coalescing black holes (BHs) of
GW150914 [9] has opened a unique window into gravity,
allowing us to probe the extreme gravity sector for the
first time [10, 11]. The following 10 binary BH merger
events [12] and a binary neutron star merger event [13]
have similarly identified no significant deviations from
Einstein’s theory [14–16].
With such an overwhelming success on the GW ob-
servational front, many future ground- and space-based
detectors have been proposed, planned, and even funded.
Among these are several upgrades to the current ad-
vanced LIGO design [17], along with third generation
ground-based detectors Cosmic Explorer (CE) [17] and
Einstein Telescope (ET) [18], and space-based detec-
tors TianQin [19], LISA [20], B-DECIGO [21] and DE-
CIGO [22] (Fig. 1). With roughly 100 times the im-
provement in sensitivity compared to the current LIGO
interferometers, CE will have the ability to stringently
constrain modified theories of gravity which are preva-
lent at high (1− 104 Hz) frequencies (high velocity bina-
ries) [23, 24]. On the other side, space-based detectors
are sensitive to the low frequency ranges of 10−2 − 1 Hz,
effectively probing modified theories which are dominant
at lower velocities or with larger masses [24–27].
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FIG. 1. Sensitivities
√
Sn(f) of various gravitational-wave
interferometers. Also shown is the characteristic amplitude
2
√
f |h˜(f)| for GW150914 with 4 years prior to merger dis-
played as a cyan star. Observe how the early inspiral portion
of the coalescence is observed by space-based detectors, while
the late inspiral and merger-ringdown portions are observed
by the ground-based detectors.
Soon after the discovery of GW150914, Sesana [28]
pointed out that GWs from GW150914-like events are
detectable in the future with both LISA and ground-
based detectors (Fig. 1), with expected event rates rang-
ing from 1 to 100 Gpc−3yr−1 [28, 29]. First observed by
space-based telescopes in their early inspiral stage, these
systems continue to inspiral after leaving the space-band
at 1 Hz for several months before entering CE’s band to
finally merge at ∼ 300 Hz. LISA will be able to give
alert to ground-based detectors (allowing for optimiza-
tions of ground-based detectors, which can be used to
improve upon tests of GR [30]) and electromagnetic tele-
scopes [28], while ground-based detectors will help LISA
to lower the detection threshold signal-to-ratio (SNR)
and enhance the number of detections [31–33]. Such
multi-band GW observations will improve measurement
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2accuracy of binary parameters such as masses and sky po-
sitions [33–36]. Multi-band GW astronomy is also pos-
sible for more massive binary BHs [33, 37] and binary
neutron stars [38].
In this letter, we study the impact of multi-band GW
astronomy on tests of GR. Such a question was first ad-
dressed in [39] for a specific type of non-GR modifications
due to radiation of a scalar field using aLIGO+LISA. We
here extend this by considering (i) parameterized tests of
GR following [11, 40] (see [36] for a brief work related to
this), (ii) various space-borne GW detector combinations
with CE and (iii) applications to parity-violating gravity.
We also investigate consistency tests of the inspiral and
merger-ringdown parts of the waveform [10, 14, 41, 42]
with multi-band GW observations. Both types of tests
have been performed on the observed GW events by the
LIGO and Virgo Collaborations (LVC) [10, 14].
Parameterized tests of GR.— Let us begin by consid-
ering modifications to GR which violate various funda-
mental pillars of Einstein’s theory. While one strives to
be agnostic towards the list of modified theories of grav-
ity available, a generic formalism of categorizing and con-
straining them is necessary. We here consider the param-
eterized post-Einsteinian (ppE) formalism [40], which ex-
pands the GR gravitational waveform to allow for non-
GR variations in the inspiral portion of the waveform
phase in the frequency domain1:
Ψ(f) = ΨGR(f)(1 + βu
2n−5). (1)
Here ΨGR is the phase in GR, f is the GW frequency,
u = (piMf)1/3 is the effective relative velocity of binary
constituents with chirp mass M = (m31m32/M)1/5, indi-
vidual masses mi, and total mass M ≡ m1 + m2. The
index n categorizes the post-Newtonian (PN) order2 at
which a given non-GR effect enters the waveform and β
describes the overall magnitude of such a modification.
Expressions and values of (β, n) for specific non-GR the-
ories can be found e.g. in [43].
We utilize a Fisher analysis [44] to obtain constraints
on parameters such as β. Given a sufficiently loud obser-
vation3 and Gaussian noise, the likelihood on the binary
parameters θa is given to be Gaussian with root-mean-
square errors ∆θa =
√
(Γ−1)aa, where Γab is the Fisher
information matrix found in Eq. (10) of Ref. [44] and de-
pends on the waveform model and detector sensitivity. In
our analysis, we assume Gaussian spin priors of |χi| < 1,
and utilize the sky-averaged “IMRPhenomD” GR wave-
form [45, 46], which is parameterized in terms of the BH
1 A slightly different formalism used by the LVC has a one-to-
one mapping with the ppE formalism in the inspiral part of the
waveform [11].
2 A term of n-PN order is proportional to (u/c)2n relative to the
leading-order term in the waveform.
3 GW150914 was observed with SNR of 25.1.
masses and spins, the time and phase at coalescence and
the luminosity distance to the event. For space-based de-
tectors, we assume observations start 4 years prior to the
merger.
The top panel of Fig. 2 displays the corresponding con-
straints on β as a function of PN order for GW150914-
like events4 observed on each of the ground- and space-
based detectors. We observe that the ground-based de-
tectors are most proficient at probing positive PN orders
(corresponding to relatively high-velocity, high-frequency
effects), and the space-based detectors are effective at
probing negative PN-orders (relatively low-velocity, low-
frequency effects). The O1 bound is taken from [11], and
the CE and LISA bounds are consistent with [24]. The
LISA and TianQin bounds are almost identical at posi-
tive PN orders because they are dominated by their spin
priors.
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FIG. 2. (top) Constraints on the generalized non-GR param-
eter |β| as a function of PN order for GW150914-like events
observed on various space- and ground-based detectors indi-
vidually. (bottom) Fractional improvement of observations
made on the combination of CE and space-based detectors
(multi-band detection), relative to observations made on CE
or space detectors alone (whichever gives stronger bounds).
The bottom panel of Fig. 2 displays the fractional im-
provement made upon a multi-band GW detection with
4 We choose fiducial values for dimensionless spins of the BHs to
be 0. Same choice was made for the inspiral-merger-ringdown
tests described later.
3each space-based detector plus CE over a single-band de-
tection, corresponding to:
(Fractional Improvement) ≡ min
(
β(CE), β(space)
)
β(CE+space)
. (2)
Observe that multi-band detections can have an improve-
ment by a factor of ∼ 40 at most, especially for LISA and
TianQin.
Application to parity-violating gravity— We now show
the impact of the above improvement in multi-band GW
tests of gravity on probing the fundamental pillars of GR.
To put this into context, we focus on parity invariance in
GR and study a string-inspired theory called dynamical
Chern-Simons (dCS) gravity [47, 48] which breaks par-
ity in the gravity sector. This theory contains one cou-
pling constant α which has the units of length squared
and controls the amount of parity violation. The cor-
rection to the waveform enters at 2PN order and the
expression for β is given in Eq. (2) of [49]. Such an ex-
pression is derived under the small coupling approxima-
tion [50], which assumes that the parity-violation correc-
tion is always smaller than the GR contribution and can
be treated as a small perturbation. This approximation
is valid only when the dimensionless coupling constant
ζ ≡ 16piα2/M4 satisfies ζ  1 [50]. So far, meaning-
ful bounds have not been placed on this theory from the
observed GW events [11, 49].
Figure 3 displays bounds on
√
α for CE alone, space-
based detectors alone, and multi-band GW detections.
dCS corrections arise during the inspiral phase only when
the BHs are spinning, and thus, we recompute the bounds
in Fig. 2 entering at 2PN order with the fiducial dimen-
sionless spins of (χ1, χ2) = (0.15, 0), consistent with the
effective spin measurement of GW150914. Observe how
constraints placed with space- or ground-based detectors
alone violate the small-coupling approximation (except
for the case of DECIGO) and can place no valid bounds
on
√
α 5. However, with multi-band GW observations,
the bounds now fall within the validity of the small cou-
pling approximation. Such constraints of
√
α ∼ O(10)
km are stronger than the current bounds from solar sys-
tem [51] and table-top [52] experiments by roughly seven
orders of magnitude.
Inspiral-merger-ringdown consistency tests.— So far,
we have focused on probing non-GR corrections enter-
ing in the inspiral, but one can also test the consistency
between the inspiral and merger-ringdown parts of the
waveform assuming GR is correct [10, 14, 41, 42, 53],
as follows. Through use of the numerical relativity fits
found in Ref. [45], the remnant BH mass Mf and spin
χf can be predicted entirely from the individual masses
5 The results for CE and DECIGO alone are consistent with those
in [50].
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FIG. 3. Example constraints on the parity-violation pa-
rameter with CE alone (blue triangle), space-based detectors
alone (red triangles) and multi-band space + CE detections
(magenta diamonds). The number associated to each datum
shows the dimensionless parity-violation parameter ζ, and the
small coupling approximation is valid only when the bounds
fall within the cyan shaded region. Observe how, for many
detectors, such approximation is violated until the multi-
band observation is realized. For the latter, valid bounds
are ∼ 7 orders of magnitude stronger than the current con-
straints [51, 52].
mi and spins χi prior to the merger. Thus, one can first
estimate these parameters independently from both the
inspiral and merger-ringdown portions of the waveform
using the GR template, and next check the consistency
between the two. If statistically significant deviations
between the two were observed, evidence could be pre-
sented for deviations from GR [41]. We here demonstrate
how one can improve the discriminatory power to detect
deviations from GR with multi-band GW astronomy.
We compute the probability distribution of Mf and
χf as follows. We begin by using Fisher-analysis meth-
ods [44] to estimate the four-dimensional Gaussian pos-
terior probability distribution PIMR(m1,m2, χ1, χ2) from
the entire observed inspiral-merger-ringdown (IMR) sig-
nal, after marginalizing over all other binary parame-
ters. Similarly, PI and PMR can be obtained by ana-
lyzing the inspiral (I) and merger-ringdown (MR) por-
tions of the signal independently, with the transition
frequency between the two defined to be ftrans = 132
Hz for GW150914-like events [14]. Through the Jaco-
bian transformation matrix and the numerical relativ-
ity fits for the remnant mass Mf (m1,m2, χ1, χ2) and
spin χf (m1,m2, χ1, χ2) [46], such posterior distributions
may be transformed into PIMR(Mf , χf ), PI(Mf , χf ), and
PMR(Mf , χf ), all of which must overlap in the Mf − χf
plane if the GR assumption is correct.
Typically, agreement between the above distribu-
tions is measured by transforming the posteriors
4once again into the single probability distribution
P
(
∆Mf/M¯f ,∆χf/χ¯f
)
following Eq. (A.2) of Ref. [53].
Here, ∆Mf ≡M If −MMRf and ∆χf ≡ χIf −χMRf describe
the departures from the GR predictions of final mass and
spin difference between inspiral and merger-ringdown
while M¯f ≡ (M If + MMRf )/2 and χ¯f ≡ (χIf + χMRf )/2
are computed from the averages between the two. Fi-
nally, agreement of such a posterior with the GR value
of
(
∆Mf/M¯f ,∆χf/χ¯f
) ∣∣
GR
≡ (0, 0) can determine the
consistency of the GW signal with GR.
While Fisher analyses can not predict central values
like the more comprehensive Bayesian analysis used in
Refs. [10, 14, 41, 42, 53], they can estimate the size of
posterior probability distributions, which is of high value
in the interest of estimating future discriminatory power
from the GR value of
(
∆Mf/M¯f ,∆χf/χ¯f
)
= (0, 0). In
particular, we consider the area of the 90% confidence re-
gion as a metric towards comparing the resolving power
of this test upon use of future detectors, and combina-
tions thereof.
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FIG. 4. Resulting 90% confidence ellipses (positive
quadrants only for demonstration) from the ∆Mf/M¯f −
∆χf/χ¯f posterior probability distribution using single-band
CE observations and multi-band observations with both CE
and LISA. The value consistent with GR corresponds to
(∆Mf/M¯f ,∆χf/χ¯f ) = (0, 0). Also shown for comparison
is the aLIGO O1 result found with the full Bayesian analysis
of Ref. [14], agreeing with the Fisher-estimates here within
10% of the total area of the 90% contours. The area of such
confidence regions (summarized in Table I) is indicative of the
effective modified gravity resolving power, and can be seen to
improve by ∼ 7 − 10 times upon the multi-band observation
as opposed to CE alone.
Figure 4 displays the results of the IMR consistency
test for GW150914-like events, showing the ∆Mf/M¯f −
∆χf/χ¯f posterior 90% confidence regions for LIGO O1
(extracted results from the IMRPhenomPv2 Bayesian re-
Detector 90% area
LIGO O1 (Fisher) 0.25
LIGO O1 (Bayesian) [14] 0.29
CE 3.6× 10−4
TianQin+CE 5.3× 10−5
LISA+CE 5.0× 10−5
B-DECIGO+CE 4.3× 10−5
DECIGO+CE 3.8× 10−5
TABLE I. Resulting areas of the 90% confidence ellipses
from the ∆Mf/M¯f − ∆χf/χ¯f posterior distributions for
GW150914-like events found in Fig. 4.
sults of Ref.6 [14] and Fisher for comparison), CE, and
the combination of CE and LISA7. Table I further sum-
marizes the results by listing the areas of such 90% con-
fidence regions. First, observe that the 90% confidence
region areas between the Bayesian [14] and Fisher analy-
ses for LIGO O1 agree within 10%, demonstrating good
agreement between the two methods. Second, notice that
CE will observe significant reductions in the 90% contour
area by ∼ 3 orders of magnitude from the current test
with O1. Third, observe that multi-band GW observa-
tions will further improve the consistency test by a fac-
tor of 7−10 compared to single-band measurements with
CE alone. Such an improvement in the size of posterior
probability distributions for multi-band GW observations
can effectively allow one to discriminate non-GR effects
that might not be visible when observing with ground-
or space-based detectors alone. The fact that all multi-
band choices show similar results suggest that the error is
mostly dominated by the merger-ringdown measurement
from CE.
Conclusion.— In this letter, we have demonstrated the
power in making multi-band observations of GWs, specif-
ically for tests of gravity. We first considered parameter-
ized tests of GR and found that multi-band GW observa-
tions improve the bounds on non-GR generic parameters
up to ∼ 40 times compared to either ground- or space-
based detectors alone. We then applied this result to
parity-violating gravity and found that it is crucial to
realize such multi-band observations to place meaning-
ful bounds in this theory. Such constraints are stronger
than the current bounds by seven orders of magnitude.
Finally, we studied the consistency between the inspi-
ral and merger-ringdown parts of the waveform in GR.
We found up to an order-of-magnitude improvement in
6 Similar results were found with the non-precessing SEOBNRv4
model in Ref. [14].
7 The IMR consistency test for stellar-mass BH binaries can not
be performed entirely with space-based detectors due to their
inability to observe the merger-ringdown portion of the signal
(Ref. [54] showed that supermassive BH binaries are compatible
with such observations), accomplished proficiently with ground-
based detectors.
5such tests upon the use of the combination of space- and
ground-based detectors, rather than using ground ones
alone. This highlights the advantages of multi-band GW
astronomy with the highly enhanced opportunity to shed
light on even the most minute deviations from GR in the
extreme gravity sector.
Future work in this direction can enrich the current
analysis by simulating the multi-band event rates de-
scribed in Refs. [28, 29], allowing one to “stack” multiple
events and further improve our estimated constraints. In
addition, modified theories of gravity that alter the GW
amplitude rather than the phase may be considered [55–
58]. We conclude by referring the readers to the upcom-
ing work [59] with a more detailed discussion of our anal-
ysis presented here with a comprehensive list of future
bounds on modified theories of gravity with multi-band
GW astronomy.
Additional note.— A complementary analysis with
similar conclusions was submitted to arXiv shortly af-
ter the release of this letter [60]. While finalizing this
work, Ref. [31] was submitted to arXiv which reduced
the expected number of events, though one can use the
information from ground-based detectors to still detect
O(1) events.
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